Abstract. Motivated by their study of pro-p limit groups, D. H. Kochloukova and P. A. Zalesskii formulated in [15, Remark after Theorem 3.3] a question concerning the minimum number of generators d.N / of a normal subgroup N of prime index p in a nonabelian limit group G (see Question*). It is shown that the analogous question for the rational rank has an affirmative answer (see Theorem A). From this result one may conclude that the original question of Kochloukova and Zalesskii has an affirmative answer if the abelianization G
Introduction 2 Limit groups
By N we will denote the set of positive integers, and by N 0 the set of non-negative integers, i.e., N 0 D ¹0; 1; 2; : : :º. We will use the symbol "?" for free products with amalgamation in the category of groups.
Extension of centralizers
By starting from a limit group G, there is a standard procedure to construct a limit group G.C; m/, where C Â G is a maximal cyclic subgroup of G and m 2 N. This procedure is known as extension of centralizers, i.e., if G is a limit group, then G.C; m/ D G ? C .C Z m / is again a limit group (see [11, Lemma 2 and Theorem 4] ). For short we call a limit group G an iterated extension of centralizers of a free group (= i.e.c.f. group), if there exists a sequence of limit groups .G k / 0ÄkÄn such that (EZ1) G 0 D F is a finitely generated free group, and G n ' G, (EZ2) for k 2 ¹0; : : : ; n 1º there exists a maximal cyclic subsgroup C k Â G k and m k 2 N such that
If G is an iterated extension of centralizers of a free group, one calls the minimum number n 2 N 0 for which there exists a sequence of limit groups .G k / 0ÄkÄn satisfying (EZ1) and (EZ2) the level of G. This number will be denoted by`.G/. For example, a finitely generated free group is an iterated extension of centralizers of a free group of level 0, and a finitely generated free abelian group is an iterated extension of centralizers of a free group of level 1.
The height of a limit group
By the second embedding theorem (see [13, E.g., a limit group G is of height 0 if, and only if, it is a free group of finite rank, and non-cyclic finitely generated free abelian groups are of height 1.
Limit groups as fundamental groups of graph of groups
Let G be a limit group of height ht.G/ D n 1, and let H be an i.e.c.f. group of level`.H / D n such that G Â H . Then H acts on a tree without inversion (of edges) with two orbits on V ./ and two orbits on E./, where V ./ is the set of vertices of , and E./ is the set of (oriented) edges of (see [20, Section I.4.4] ). Moreover, for v 2 V ./ its stabilizer H v is either free abelian or an i.e.c.f. group of level n 1. For e 2 E./ its stabilizer H e is infinite cyclic. As G is acting on without inversion of edges, the fundamental theorem of Bass-Serre theory (see [20, Section I.5.4, Theorem 13] ) implies that G is isomorphic to the fundamental group 1 .G ; ƒ; T / of a graph of groups G based on a connected graph ƒ and T is a maximal subtree of ƒ. For simplicity we assume that G D 1 .G ; ƒ; T /. Since G is finitely generated, E D E.ƒ/ n E.T / must be finite. Otherwise, G would have an infinitely generated free group as a homomorphic image. Similarly, as G is finitely generated, there exists a finite set Â V .ƒ/ such that G D he; G v j e 2 E; v 2 i:
[ ¹o.e/; t .e/ j e 2 Eº/ be the tree spanned by the set and the origins and termini of the edges in E, and let ƒ 0 be the subgraph of ƒ satisfying V .ƒ 0 / D V .T 0 /, and E.ƒ 0 / D E.T 0 / t E. By construction, ƒ 0 is a finite connected graph, and T 0 is a maximal subtree of ƒ 0 . Let G 0 D G j ƒ 0 be the restriction of G to ƒ 0 . Then, by definition, one has a canonical homomorphism of groups Proposition 2.1. Let G be a limit group of height n 1. Then G is isomorphic to the fundamental group 1 .G 0 ; ƒ 0 ; T 0 / of a graph of groups G 0 satisfying
(ii) for all v 2 V .ƒ 0 /, G 0 v is finitely generated abelian or a limit group of height at most n 1,
e is infinite cyclic or trivial.
Proof. By the previously mentioned argument, it suffices to show that G 0 v is finitely generated for all v 2 V .ƒ 0 /. This follows by the argument used in [11 
Limit groups of small rank
As limit groups are (fully) residually free, they must be torsion free. From this property one concludes the following useful fact. Proof. Suppose that G is non-abelian, i.e., there exist a; b 2 G with OEa; b ¤ 1. Since G is a limit group, there exists a free group F of finite rank and an epimorphism W G ! F satisfying .OEa; b/ ¤ 1. Limit groups with minimum number of generators less than or equal to 3 are well known. In [6] the following was shown. (c) d.G/ D 3 if, and only if, G is a free group of rank 3, a free abelian group of rank 3, or an extension of centralizers of a free group of rank 2, i.e., G has a presentation
3 The rational rank of a limit group
The following fact will turn out to be useful for our purpose.
Lemma 3.1. Let G 1 and G 2 be groups, and let C D hci be an infinite cyclic group or the trivial group.
where .G/ 2 ¹0; 1º.
where .G/ 2 ¹0; 1º. One has an exact sequence 
; 2º denote the associated embeddings. The Mayer-Vietoris sequence associated to ˝Z Q specializes to an exact sequence
In particular, D 0, and this yields (a).
(b) In this case the Mayer-Vietoris sequence specializes to
with˛as described in (b) of the statement of the lemma. In particular, ı D 0 which yields (3.2), and thus also (3.1). The final remarks (1) and (2) follow from the fact that dim.im.˛// 2 ¹0; 1º, and that dim.im.˛// D 1 if, and only if,˛is injective.
From Lemma 3.1 one concludes the following.
Theorem 3.2. Let G be a non-abelian limit group, and let U be a normal subgroup of G of prime index p. Then rk Q .U / > rk Q .G/.
Proof. We proceed by induction on n D ht.G/ (see Section 2.2). If n D 0, then G is a finitely generated free group satisfying d.G/ 2, and the Nielsen-Schreier theorem yields
and hence the claim. So assume that G is a limit group of height ht.G/ D n 1, and that the claim holds for all limit groups of height at most n 1. By Proposition 2.1, G is isomorphic to the fundamental group 1 . ‡; ƒ; T / of a graph of groups ‡ based on a finite connected graph ƒ whose edge groups are either infinite cyclic or trivial, and whose vertex groups are either limit group of height at most n 1 or free abelian groups. By applying induction on s.ƒ/ D jV .ƒ/j C jE.ƒ/j it suffices to consider the following two cases:
and G i is either a limit group of height at most n 1 or abelian, and C is either infinite cyclic or trivial, i 2 ¹1; 2º.
(II) G D HNN .G 1 ; C; t /, where G 1 is either a limit group of height at most n 1 or abelian, and C is either infinite cyclic or trivial.
Otherwise, by a result of I. Chiswell, one would conclude that we have
.C / D 0 and G must be abelian (see Proposition 2.3) which was excluded by hypothesis. The group G acts naturally on a tree T without inversion of edges with two orbits V 1 and V 2 on V .T / and two orbits
and one may distinguish the following cases:
(I.1) jG W UC j D 1, i.e., U has one orbit on E 1 and E 2 .
(I.2) jG W UC j D p, i.e., U has p orbits on E 1 and E 2 . 
Case (I.1). The hypothesis implies that
The hypothesis implies also that jC W C \ U j D p, i.e., C 6 D 1. Hence without loss of generality we may assume that G 1 is non-abelian, and, by induction, that
Hence, by applying Lemma 3.1 (a), one concludes that
On the other hand, if G 2 is abelian, C is a direct factor in G 2 , i.e., G 2 ' Z B, where B is a free abelian group of rank d.G 2 / 1. Thus the map˛in (3.3) is injective, and rk
Case (I.2). In this case U has p orbits on E 1 and p orbits on E 2 . Moreover, jG W UG i j 2 ¹1; pº. Hence, by (3.4), it suffices to consider the following three cases:
Normal subgroups in limit groups of prime index 91 Let ƒ D Gn nT and ƒ D U n nT be the quotient graphs of T modulo the left Gand U -action, respectively. In particular, ƒ D .¹v; wº; ¹e; N eº/ is a line segment of length 1 and thus a tree, and ƒ is connected. Moreover, one has a surjective homomorphism of graphs W ƒ ! ƒ.
Case (a). By hypothesis, UG 1 D UG 2 D U , i.e., G=U acts regularly on the vertex fibres and edge fibres of . For f 2 E. ƒ/ one has either o.f/ 2 1 .¹vº/ or t .f/ 2
1 .¹vº/. If f 1 and f 2 satisfy the first condition, and
In the latter case the same argument applies, and this shows that is a fibration, i.e., for every z 2 V . ƒ/ the map z W st ƒ .z/ ! st ƒ . .z// is a bijection. As ƒ is a tree and hence simplyconnected, this implies that is a bijection, a contradiction, showing that Case (a) is impossible.
Case (b).
We may assume that
. Q w/ is a star with p geometric edges. Put U 2 D U \ G 2 . By hypothesis, jG 2 W U 2 j D p and G 1 Â U . Choosing a set of representatives R Â G 2 for G 2 =U 2 , the Mayer-Vietoris sequence associated to Tor U . ; Q/ specializes to
where ı D dim.im.˛//. We distinguish two cases.
(
As rk Q .U 2 / rk Q .G 2 / with equality in case that G 2 is abelian, one concludes
(2) C 6 D 1. Then, by (3.6), 
yields the claim also in this case.
Case (c). By hypothesis, ƒ is a graph with two vertices v and w and p geometric edges. We may assume that G 1 D stab G .v/ and G 2 D stab G .w/, and we put U 1 D U \ G 1 and U 2 D U \ G 2 . By the same argument used in Case (b), one obtains an exact sequencè
where R G is a set of representatives of G=U . Again we distinguish two cases.
(1) C D 1. Thenˇis the 0-map, and as rk
(2) C ¤ 1. Then, by (3.9),
If G 1 and G 2 are non-abelian, then, by induction, rk
In case that one of the groups G 1 , G 2 is abelian, not both of them can be abelian. Otherwise, the Euler characteristic
.C / must equal 0, and G must be abelian, which was excluded by hypothesis (see Proposition 2.3). So without loss of generality we may assume that G 1 is a non-abelian, and that G 2 is abelian. Then G 2 ' Z B, where B is a free abelian group of rank rk Q .G 2 / 1,
Normal subgroups in limit groups of prime index 93 Case (II). Suppose that G D HNN .G 1 ; C; t/ D hG 1 ; t j tct 1 D .c/i is an HNN-extension with C D hci. By (3.1), one has
hti is isomorphic to a free product. Hence the claim follows already from Case (I). So we may assume that C 6 D 1. Note that G 1 must be non-abelian. Otherwise, one has .G/ D .G 1 / .C / D 0, and G must be abelian (see Proposition 2.3), a contradiction.
As in Case (I), the group G has a natural vertex transitive action on a tree T with vertex stabilizer isomorphic to G 1 , and edge stabilizer isomorphic to C . In particular, jG W UG 1 j 2 ¹1; pº and jG W UC j 2 ¹1; pº:
Hence one may distinguish the following two cases:
Case (II.1). By hypothesis, G D UG 1 . In particular, U is acting vertex transitively on T , and has two orbits on the set of edges, i.e., U n nT is a loop with one vertex. Thus one has U ' HNN .U \G 1 ; C p ; t / D hU \G 1 ; t j t.c p /t 1 D .c/ p i, and as in (3.11), one concludes that
Since G 1 is non-abelian and
In particular, by Lemma 3.1(b), .U / D 0 and .G/ D 1, i.e.,˛is the 0-map, and˛1 is injective. However, as the map tr 1 in the diagram
-which is given by the transfer -is an isomorphism, this yields a contradiction. Thus rk Q .U / < rk Q .G/.
Case (II.2).
In this case U has 2p orbits on E.T /, and again one may distinguish two cases:
(a) U acts vertex transitively on T .
(b) U has p orbits on V .T /.
Case (a). In this case U n nT is a bouquet of p loops, jG 1 W U \ G 1 j D p and C Â U . The Mayer-Vietoris sequence for H . ; Q/ yields a commutative and exact diagram
where ¹g 1 ; : : : ; g p º Â G 1 is a set of representatives for G=U , tr 2=3 is induced by the transfer, and for c 2 C , q 2 Q, one has tr
(3.14)
and induction implies that rk
Suppose that rk Q .U / D rk Q .G/. Then equality holds throughout (3.15) . In particular, (3.14) implies that dim Q .im.˛1// D p, i.e.,˛1 is injective. Hence, as tr 1 is injective,˛1 ı tr 1 is injective. From Lemma 3.1 (b) one concludes that .G/ D 1 and˛D 0, a contraction. Thus rk Q .U / > rk Q .G/ must hold.
Case (b).
In this case one has G 1 Â U and C Â U . As G=U is acting vertex transitively on ƒ D U n nT , ƒ must be k-regular. Hence jE.ƒ/j D k jV .ƒ/j, forcing k D 2. So ƒ is a 2-regular connected graph, and thus a circuit with p vertices. Let ¹g 1 ; : : : ; g p º Â G be a set of representatives for G=U . The Mayer-Vietoris sequence for H . ; Q/ then yields a commutative and exact diagram
where tr 1=2 are the diagonal maps and tr 3 is the transfer. Hence
Suppose that rk Q .U / D rk Q .G/. Then equality has to hold throughout (3.17), and
In particular,˛1 is injective, and by Lemma 3.1 (b), .G/ D 1, i.e.,˛D 0. Hence, as tr 1 is injective, one obtains a contradiction as in Case (a) showing that rk Q .U / > rk Q .G/.
Theorem 3.2 has the following consequence.
Corollary 3.3. Let G be a non-abelian limit group such that G ab is torsion free and that
Obviously, if G is a free group, an abelian free group or an iterated extension of centralizers group of a free group, then rk Q .G/ D d.G/. In particular, in connection with Theorem 2.4 one concludes the following. 
Another consequence of Theorem 3.2 is the following. Corollary 3.5. Let G be a non-abelian limit group, and let N be a normal subgroup of G such that G=N is infinite and nilpotent. Then rk Q .N / D 1. In particular, d.N / D 1.
Proof. Suppose that rk Q .N / D n < 1. Let h D h.G=N / be the Hirsch number of the finitely generated nilpotent group G=N . Then h.U=N / D h.G=N / for every subgroup of finite index U in G satisfying N U . In particular, one has rk Q .U=N / Ä h.U=N / D h, and thus rk Q .U / Ä rk Q .N / C rk Q .U=N / Ä n C h, contradicting Theorem 3.2.
Remark 3.6. Obviously, the statement of Corollary 3.5 remains valid replacing "nilpotent" by "minimax". Lemma 4.1. Let G D G 1 ? C G 2 be a non-abelian limit group, where G 1 and G 2 are free groups of finite rank r.G 1 / and r.G 2 /, respectively, and let C D hci be an infinite cyclic group or trivial. Then, if U is a normal subgroup of prime index p in G, one has rk Q .U / > d.G/. In particular, d.U / > d.G/.
Proof. If C D 1, G is a finitely generated free group, and there is nothing to prove. So from now on we may assume that C ¤ 1. Then, as G is non-abelian, either G 1 or G 2 must be non-abelian. Otherwise, .G/ D .G 1 / C .G 2 / .C / D 0, and by Lemma 2.3, G must be abelian. Let T be the tree on which G acts naturally. Then, as in the proof of Theorem 3.2, Case (I), one may distinguish three cases:
(1) G D UC , i.e., U has one orbits on E 1 and E 2 .
(2) jG W UC j D p, i.e., U has p orbits on E 1 and E 2 , 
Thus, we may assume that G 2 is non-abelian. From the Nielsen-Schreier theorem one concludes that d.U \ G 1 / 1 C d.G 1 / and d.U \ G 2 / 1 C d.G 2 /. Therefore, by Lemma 3.1 (a),
(4.1)
